Truong THPT Dan Phuong Thay gido Poan Céng Hodng

HUONG DAN HQC TRO TU HQC MON TOAN 10 - THANG 2 NAM 2020 LAN 2
BAT PANG THUC
A. TOM TAT LY THUYET.
1. Pinh nghia :
Cho a, b 1a hai s thuc. C&c ménh dé "a > b","a < b", "a > b", "a < b" dwoc goi la nhing bdr ding
therc.

e Chitng minh bat dang thiic 1a chimg minh bat dang thirc d6 dung(ménh dé ding)
e Vi A, B laménh dé chir bién thi "4 > B" 1a ménh dé chtra bién. Chung minh bat dang thac

A > B (véi diéu kién nao d6) nghia 1a chirng minh ménh dé chtra bién "A > B" dung véi tat ca
cac gia tri cua bien(théa man diéu kién d6). Khi néi ta c6 bat dang thirc A > B ma khdng néu
dieu kién doi vai cac bién thi ta hieu rang bat dang thae do xay ra véi moi gia tri cua bién la so
thuc.

2. Tinh chat :

*a>bvab>c=a>c

*a>bsat+tec>b+ec

*a>bvac>d=a+c>b+d

*Néu ¢ > 0 thi a > b < ac > be

Néu c <0 thia>b < ac < be
*0>b>0=va>Vb
*a>b>0&ad >0
*a>b>0=a" >0b"

3. Bat dang thirc vé gia tri tuyét doi.

* —|a|§a§|a|v<’yi moi s thuc a .
* ‘x‘<a@—a<x<a(V(yia>0)

T >a ;
*|$|>a<:> (Véia>0)
T < —a

4. Bat ding thirc giira trung binh céng va trung binh nhan (Bit ding thiec Cauchy)

a) Poi véi hai sé khong am
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Truong THPT Dan Phuong Thay gido Poan Céng Hodng

Choa>0,b>0,taco “T*bz Jab . Dau'=" xay rakhiva chikhi a = b

Hé qud :
* Hai s6 duong c6 tong khong d6i thi tich I6n nhat khi hai sé d6 bang nhau
* Hai s6 duong c6 tich khong ddi thi tdng nho nhat khi hai s6 d6 bang nhau

b) Poi véi ba sé khong am
Choa>0b>0 c>0,taco %b” > Yabe . DAu'=" xy ra khi va chi khi @ — b = c

B. CAC DANG TOAN VA PHUONG PHAP GIAI.

> DANG TOAN 1: SU DUNG PINH NGHIA VA TiCH CHAT CO BAN.
1. Phwong phap giai.

Dé ching minh bt dang thic(BDT) A > B ta c6 thé str dung cac cach sau:
e Tadichiang minh A — B > 0. Dé ching minh né ta thudng st dung cac hang dang thic dé phan
tich A — B thanh tong hoic tich cua nhiing biéu thirc khong am.
e Xuét phat tir BDT dung, bién doi twong dwong vé BDT can ching minh.
2. Céc vi du minh hoa.
Loai 1: Bién d6i twong dwong vé bat diang thirc ding.
Vi du 1 : Cho hai s6 thuc a,b,c. Chitng minh rang cac bét dang thic sau

2 2 2
2 ab < & +b ) ab < a+b]
c) 3(a’+b*+c*)>(a+b+c)’ d) (a+b+c)’ >3(ab+bc+ca)
Loi gidi

a) Taco a®> +b* —2ab = (a —b)> > 0 = a® +b* > 2ab. Pang thicc < a = b.

a—+b

2
b) Bat dang thtic twong duong voi T] —ab >0

< a’+2ab+b? >4ab < (a—b)2 >0 (dung) PPCM.
Ping thic xay ra< a = b

¢) BBT tuong duong 3(a’ +b? +¢*) > a’ +b” + ¢’ + 2ab+ 2bc + 2ca

= (a—b)2 +(b—c)2 +(c—a)2 >0 (ding) DPCM.
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Pang thic xay ra< a = b = ¢

d) BDT tuong duong a’ +b’ +¢? + 2ab+ 2bc + 2ca > 3(ab+bc +ca)

& 2(a®+b* +c*)—2(ab+hc+ca)>0 & (a-b)’ +(b—c)’ +(c—a)’ >0 (ding) PPCM.
Pang thuc xayra< a = b = ¢

N
All

Nhgn xét: Cac BPT trén dugc van dung nhiéu, va duoc xem nhu 13 "bd dé" trong ching minh céc bat
dang thirc khac.

Vidu 2 : Cho nim sé thuc a,b,c¢,d,e. Chitng minh rang
d+0 4+ +d+e >ab+c+d+e).

Loi gidi

Taco: > + 0+ +d* +e* —alb +c+d+e)=

2 2 2 2

=(az—ab+b2)+(az—ac-l—cQ)-l—(aZ—ad—i-dz)-I—(az—ae-l—eQ)

:(g—b)2+(%—0)2+(g—d)2+(g—e)2 > 0 = dpem.

Déngth&cxéyra@b:c:d:e:g.

Vidu 3:Cho ab > 1. Chang minh rang : L 1 > 2
a*+1 vV+1 1+ab

(HOC TRO TU GIAI)

Vi du 4: Cho s thyc x. Chiing minh rang

a) ' +3 >4z b) X' +5>x*+4x  ¢) X?+x" +1>x’+x
(HOC TRO TU GIAI)

Vi du 5: Cho a,b,c 1a cac s6 thyc. Chang minh rang

a) a* +b* —4ab+2>0

D)2 ' +1 + B +1 >2 ab+1°

)3 a>+b —ab+4>2 avb:+1+bJa +1
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(HOC TRO TU GlAl)

Thay gido Poan Céng Hodng

> DANG TOAN 2: SUDUNG BAT PANG THU'C CAUCHY((cdsi) PE CHUNG MINH BAT
DPANG THUC VA TIM GIA TRI LON NHAT, NHO NHAT.

1. Phwong phap giai.

Mot sé chi y khi st dung bat dang thirc cosi:

* Khi &p dung bdt cosi thi cac sb phai 1a nhitng s6 khéng &m

* BPT cosi thudng duoc &p dung khi trong BDT can chiing minh ¢é tong va tich

* Piéu kién xay ra dau ‘=" 12 cac s6 bang nhau

* B4t dang thuc cosi con ¢d hinh thace khac thuong hay sir dung

Déi véi hai s6: 27 +y° > 2xy;

Déi voi ba sd: abe <

2. Céc vi du minh hoa.

a® + b + ¢

(z+y) z+y)
Yy =2 2 Y= 2
3
abe < a-l—g-l-c]

Loai 1: Van dung truc tiép bat dang thic cosi

Vi du 1: Cho a,b 13 s6 dwong thoa man a® + b*> = 2. Ching minh rang

>4

a)

e bllae B
b a)lb?  a?

Léi gidi

a) Ap dung BDT cosi ta co

> 2

> Q

a b

b) a+b’ >16aby 1+a® 1+

4
Suyra|-+-||-+—=|=2— (1
vali g ) o

Mat khactacod 2 = a* + b* > 2Va’h* = 2ab = ab <1 (1)

b

Tir (1) va (2) suy ra [% +2

a

b
T

> 4 PPCM.

Ding thic xay ra khi va chikhi a =b = 1.
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b)Tacd a+b’ = a® +2ab+b* o + 3ab® + 3a% + b*

Ap dung BPT cosi ta co

a* +2ab +b* > 2,/2ab a® +b* = 4ab va

a® 4+ 3ab®> + 3a’b +b* 22\/ a® + 3ab® 3a*b +0° :4\/ab 140> a* +1

Suyra o’ +2ab+b o’ +3ab® + 3a’h + b >16aby o +1 07 +1

Do do6 a+b5216ab\/1+a2 1+ DPCM.

Ding thire xay ra khi va chi khi a = b = 1.

Vidu 2: Cho a,b,c 1a s6 duwong. Ching minh rang

oot

b) a’(1+0°) +b*(1 + ¢*) + ¢*(1 + a*) > 6abc

> 8

) (1 +a)1+0)1+¢)> 1+ Yabe

d) a2@+b2@+02@§a3 + b+
Léi gidi

a) Ap dung BDT cosi ta co

e laafLaafl o]

b b c c a a

o o [ L] 5 52y L)< — 5 prem
b C a bVec\Va

Diang thic xay ra khi va chikhi a = b = ¢.

Suyra

b) Ap dung BDT cbsi cho hai s6 duong ta co
1+a>>2na = 2a,twong twtacd 1+ 0° > 2b, 1+ c* > 2¢
Suyra a*(1+0*) + 0’ (1 +¢*) + (1 +a*) > 2 a’b + b*c + c*a

Mt khac, ap dung BDT c6si cho ba s6 dwong ta co
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a’b + b’*c + c*a > 3Va2bb’e.c?a = 3abe

Suyra (1 + %) + b*(1 + ) + (1 + a®) > 6abe. DPPCM.

bing thic xay ra khivachikhia =b = ¢ =1.

c)Taco (14+a)(1+b)1+c)=1+ ab+bc+ca + a+b+c +abc

Ap dung BDT cosi cho ba s6 duong ta co

2 -
ab + be + ca > 3 abbeca =3 Yabe vaa+b+c > 3Vabe

Suyra (14 a)(1+0b)(1+¢c)>1+3 Vabe 2+3\/3 abc +abc = 14 abe " PPCM

Dang thic xay ra khi va chikhi a = b = ¢.

d) Ap dung BDT cbsi cho hai s6 duong ta co

a<Jbe < a’

b;c], pac < b’

a-l—c], Nab < 2

2

a-i—b]

2 2 2 9 9 9
Suyraa2\/a+bz\/a+62®§ab+ba+ac—2{—ca+bc+cb M

Mt khac theo BPT cosi cho ba sé duwong ta ¢6

3 3 3
a a b
CEEHD prg < ate< L FE T

3 3 3

<b3+b3+a3 o2 a’® +a®+ ¢

3 3 3 3 3 3
cfreFa p YA He g ot +D
3 3 3

Suyra a’ + b*a + a’c +c’a +bc+cbh <2 a® +0* +c* (2
Tir (1) va (2) suy ra a>Vbe + v*Vac + ab < a® +b* + ¢
Diang thic xay ra khi va chikhi ¢ = b = ¢.

Vidu 3: Cho a,b,c,d 1a sé duong. Ching minh rang

d
b) b_3+c_3+ﬁ+a_3 a+b b+c >16
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C)a+b+c+ Sabce >4

Yabe (@a+0)b+c)(c+a)

Vi du 4: Cho a,b,c 136 dwong thoa man a® + b> + ¢* = 3. Chirng minh rang
a) a’b + b*c + c*a < 3

ab be ca
+ +
34+c¢* 3+a* 340

b)

<

>~

(HOC TRO TU GlAl)
Loai 2: Ki thuét tach, thém bét, ghép cap.

e D¢ chimg minh BDT ta thuong phai bién doi (nhan chia, thém, bot mot bicu thirc) dé tao bicu
thac ¢ thé gian udc duoc sau khi 4p dung BDT cosi.
e KhigapBbTcodang z +y + 2z > a + b + ¢ (hoac zyz > abc), ta thuong di chitng minh

z 4y > 2a(hodcadb < 2?), xay dung cac BDT tuong ty roi cong(hodc nhan) vé voi vé ta suy
ra diéu phai ching minh.
e Khi tach va &p dung BDT cdsi ta dya vao viéc dam bao dau bang xay ra(thuong dau bang xay
ra khi cac bién bang nhau hoac tai bién).
Vidu5: Cho a,b,c 12 sé duong. Chung minh rang:

) LA e AN SLANRUISEE
c a b b c a a b ¢
Loi gidi
a)ApdungBDTcésitacéa—b+b—022«fa—b.b—C:2b
c a c a
, bc  ac ac ba
TuwongtytacO —+— > 2¢, —+— > 2a.
a b b c

Cong vé véi vé cac BDT trén ta duoc

>92 a+b+ec @“—b+b—c+%za+b+cBPCM

[ab be ac
2l —+— 4+ —
b c a

C a

bang thic xay rakhi ¢ = b = ¢ .

< . 1 1 2
b) Ap dung BDT cositaco — 4+ = > 2,/ 2 =2
2 a > a b

. 1.2 1.2

Tuong tu ta coO i+— > —,£+— > =

¢ b ca* ¢ a
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Cong vé v6i vé cac BDT trén ta duoc

LA
o2

1 1 1
S

T4
a b ¢

C
b prl

Pang thic xay rakhi ¢ = b =

SHitte —+

2 2 2 4 c _1
T

a b ¢ b a> " a

C .

>——|—%—|——DPCM.

1

C

Vi du 6: Cho a,b,¢ duong sao cho a®> + b* + ¢ = 3. Ching minh ring

Thay gido Poan Céng Hodng

31,3 3.3 3.3
a)ab bc+ca > 3abe
c a
p) 42 s g,
c a b
Loi giai
37,3 3.3 37,3 3.3
a)Apdl_mgBDTcésitacéab +b—022 a’b .b—c:2b3ac
c a c a
i 3.3 3.3 3.3 3b3
Tuongtl_rtaco—-i—ca 22abc3,ca L2 > 2a°bc
a c
; ] , ; 3b3 b33 3.3
Cong ve véi ve ta co 2[a C 4+ 2% > 2be o+ +
c a
31,3 3.3 3.3
o @O0 C0 S 3uhe. PCM
c a b
bang thuc xay rakhi a = b =c¢ =1
. lab  be ca
b) BDT tuong duong véi —+—+? >9
c a

b2 b 2 2 b2 b 2 2
S|Z ] + |2 v2 e+ 296 |2 2] |2 23
c a b c a b
2 2 2 2
ApdungBBTcésitacé a_b +[% > 2 a_b] [b—c] = 92p2

c a c a
b 2 2 2 b2
Tuong tu ta ¢ “ 1 > 2¢7, 21 +12] > 2a
a b b c
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2

2
Cong vé véi vé va rat gon ta duoc [a—b] +[—] +[% > 3 PPCM.
C

pang thic xayrakhia =b=c =1 .

HOC TRO TU' GIAI CAC VI DU SAU

Vi du 7: Cho a,b,c 13 s6 duong thoa mén a + b + ¢ = 3. Chang minh rang
Q)8 a+b b+c c+a < 3+a 3+b 3+c

b) 3—2a 3—-2b 3—2¢ <abc

2 2 2
Vi du 8: Cho a,b,c la sé duong. Ching minh ring —— + b, ¢ Satbte
b+c c+a a+b 2

Vi du 9: Cho a,b,c 136 duong thoa mén a + b + ¢ = 3 . Chtng minh rang:

a b c >3\/§

a) + + >
Jb+1 Je+1 Ja+1 T 2

b) J ‘ +\/ ' +J < >3
b+ 3 c+3 a+3 2

Vi du 10: Cho a,b,c 13 s6 duong théa man abe = 1. Chitng minh rang

1 1 1
a C

Loai 3: Ki thuat tham sé6 hoa

Nhiéu khi khdng du doan duoc diu bang xay ra(dé tach ghép cho hop If) chiing ta can dua tham sé vao
roi chon sau sao cho dau bang xay ra.

Vidu 11: Cho a,b,c 1a s6 duong thoa man a? + b + ¢* = 1. Tim gié tri I6n nhat cua
A= 14+2a 1+ 2bc

Phén tich
RO rang ta s& danh gia biéu thirc A dé lam xuat hién a® + b* + ¢2.

2
Tru6C tién ta s& danh gia o qua a? bdi a® + m? > 2ma = 20 < = +m (V6i m > 0)
m
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Do b, ¢ binh dang nén dyu doan ddu bang A dat gia tri nho nhat khi b = ¢nén ta danh gia 2bc < b* + ¢°.

2
2 tm+ 1] 1+0%+¢* = B.Tiép tuc ta sé sir dung BDT cosi dudi dang
m

Suyra A <

Ty < T+

2
] dé 1a xuat hién a> + b*> + ¢® nén ta & tach nhu sau

a+m>+m + 140+
2

B:l a>4+m>+m 1+ +c §l
m m

SuyraAgL m*+m+2
4m

Daubang xayrakhi a = m, b =c,a> +m>* +m=1+0b>+c* va a> + 0> + ¢ = 1.

2 oo
Turdaytaco m = 3 Do d6 ta c6 101 gidi nhu sau:

Lo gidi

2
>éa:>2a§3i+zvé12bc§b2+02
3 2 3

Ap dung BDT césitacé a® +

O | =

2
Suyra A < 3%4—%4@] B4t +1
Ap dung BDT cbsi ta co
a2+10+b2—|—02—|—12
) fd
S 2 rerr =2 Y ey <3 J -
2 3 2 9 2 2 27
2
a = -
3 2
98 . - b=c “73
Suyra A < —, dang thic xay ra khi va chi khi 10 & E
27 a2+5:b2—|—62+1 b=rc= I
ad +b+cf =1

VéymaxA:% khi va chi khi azgvéb:c: E
27 3 18
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Vi du 12: Cho a,b,c 1a sb duwong théa man 2a + 4b + 3¢* = 68. Tim gia tri nho nhat cua
A=a®+0b +c .
(HOC TRO TU GlAl)

> DANG 4: PAT AN PHU TRONG BAT PANG THUC.

1. Phwong phap giai.

Diéu quan trong trong ki thudt nay 1a phét hién ra an phu (an phu c6 thé Ia
t=f abec ,y=g abec ,z=h abec hoiclachimotanphu t = f a;b;c ). An phu cé thé

c6 ngay trong biéu thuc cua bat dang hoic qua mot s6 phép bién doi, danh gia.
2. Céc vi du minh hoa.

Vi du 1: Cho céc sé duong a,b, c.

a+b 6b + 8c 3a+2b+cz7

a) Chung minh rang
a+b+c 2a+b b+ c

a-+b b+ c c+a
a+b+c b+c+4a c+a+16b

b) Tim gi4 tri nho nhit cua P =
Loi gidi
aybatr=a+b+cy=2a+b,2=b+c

Suyraa=x—2b=-20+4+y+22,c=2r—y—=z2

Bétdéngthfxctréthanh_m+y+z+4x_2y+4z+x+yz7
T Y 2
4 4
O R R R
T Ty y oz oz
4 4
@[2+—x]+[3+f]+[—z+g > 10 (%)
Ty Tz y oz
A A LY 4x z T 4z, vy
Ap dung BDT cositaco =+ — >4, —+—->2 —+ =>4
x oy r oz y oz

Suy ra BDT (*) dung. DPPCM.
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2¢ =y
pangthucxayra < {z = z < 2z = y = 2z suy ra khong ton tai a,b, c.
22 =y

Déu dang thirc khong xay ra.

bybatz =a+b+c,y=b+c+4a, z=c+ a+ 16b

y—-2T ,_2-32 C:21x—5y—z

Y

Suyra a =
4 3 15 15

—6x+5y+z+4x—y+16x—z
152 3y 152

Khidoétaco P =

y 4z z 16 4
+—+

30 3y 15y 152 5

ApdungBDTcésitacél—i—él—xzé,i+16—y2§
3r 3y 3 1dy 15z 15

SuyraPzéJrE—é:E,déngth&cxéyra@4x:2y:z@a:—:—
3 15 5 15 3 7

Vay min P _ 10 khi va chi khi a :5—1):@.
15 3 7

Vidu 2: Cho a,b,c 1a ba canh cua tam gi4c ¢d chu vi 1a 2p . Chting minh rang

a +b " c > b+c+ c—l—a+ a-+b
p—a p—-b p-—c p—a p—>b p—c

Léi gidi

bitxr=p—a;y=p—-b;jz=p—csuwyraa=y+zb=z+x;c=x+1y.

Do a,b,c la ba canh cua tam giac nén z,y,z duong

Bat dang thirc can chimg minh dugc dua vé dang:

y+z+z—|—x+x+y2\/2+y+z+\/2+z+x+\/2+x—l—y
T Y z T Y

Ap dung bt dang thuc csi ta co: 4,(2 + ytz o
X
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Truong THPT Dan Phuong Thay gido Poan Céng Hodng

Tuong tuta co 4,[2 + 2% <Pl g2+ T T g
Yy Yy VA VA

Cong vé véi vé cac BDT trén ta duoc

§y+z+z+x+x—l—y

T Y z

4 +18

\/2+y+z+\/2+z+x+\/2+x+y
x y z

y+z z4zw a:+y>1 y+z z4+xr x+y

Vi vay ta chi can chitng minh + + - + + +18
x Y z 4 =z Y z
<:>y+z+z+x+x+y26.
T Y z

Tacéy+z+z+x+x+y=[Q+f]+[g+5]+[f+f]

x Y z T vy z vy z x
ApdungBDTcésitacég—l—£22 g.£:2,g+322,£+£22

Ty \jmy z oy z T

suyra VT2 L EZXT  THY S 6 ppCM.

x y z

Dang thic xay ra khi va chi khi a = b = ¢ hay tam giac déu.

Nhan xét : i véi BDT c6 gia thiét a,b,c 1a ba canh cua tam giac thi ta thuc hién phép dat an phu
x:%zj—c,y:%,z:%mthikhidé a=y+zb=z+z;c=x+y va
z,v,7 duong. Ta chuyén vé bai todn véi gia thiét z,y,z dwong khong con rang budc 12 ba canh caa tam
giac.

HOC TRO TU' GIAI CAC VI DU SAU

3

rT+y+=z

Vi du 3: Cho z,y,z 1a s duong. Ching minh rang z° + 2y* + 32° > 122(1)

Vidu 4: Cho z,y,z 1356 duong théaman z +y + z <

N | W

Chuang minh rang x—i—y—l—z—l—l—i—l—l—lzg.
xT Yy z 2
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1 1

+ + = 1. Tim gia tri nho nhat cia
a+2 b+2 c+2

Vi du 5: Cho ba s thyc duong a,b,c thoa man

biéuthtc P =a +b +c +

4
AV abe .

Vidu6: Cho z, y, 2 duong théa mén [1+l][1+1][1+1] — 8.
T Y 2

2? +y? + 22+ ldayz
4 x+y+z2+15xyz

Tim gi4 tri 16n nhit cua P =

> DANG 5: SUDUNG BAT PANG THUC PHU
1. Phwong phap giai.

Diéu quan trong dang toan nay la can phat hién ra duoc bat dang thirc phu. Bat dang thic phu c6 thé 13
nhitng BDT co ban di c6 hoic 1a ching ta tir dic diém cua BPT can chitng minh ching ta dy doan va dua
ra BDT phu tir d6 van dung vao bai toan.

2. Céc vi du minh hoa.

Vidu 1: Cho a,b,c 1a s6 duwong. Ching minh rang:

a b c a+b+c
Q) —+—w+—2=2—-——
)63 & al abc

1 1 1 1
b) — 3 T 3 T3 3 S —
a’+b +abec b 4+c’+abec ¢’ +a’+abc  abe

Loi gidi

Trudc tién ta chiing minha® + b* > o + ba .

BDT tuong duong véia® +b° —a’b —b’a > 0 < a*(a —b) +b*(b —a) > 0
& (a —b)*(a +b) > 0 (dang véimoi a > 0,6 > 0)

= a® +b® > a®b + b’a. Pang thirc xay rakhi a = b.

a) Tacod a® + b* Za2b+b2a@£+i2i+i
b a® T b ab

c 1 _1 1
— >t

1
+ T
be' a A a ac

. b 1 1
Hoan toan tuong tutaco — + — > —
v
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Céngvévéivérﬂtgontaduqc£+£+£21+1+1
¥ ¢ a* T a b ¢
a b c a+b+c L .
Hay — +—+ — > ———,dangthac xayrakhi a = b = c.
¥ ¢ ad abe

b) Theo bai todn trénta cd : a® + b* > a’b + b*a = ab(a + b)

= a’® +b° + abc > abla +b+¢) = 1 < 1 - ¢
a’ +b° +abe ~ abla+b+c) abe(a+b+c)

» a _ 1 < b
b + ¢ +abe ~ abcla +b+c) ¢ +a® +abe ~ abe(a + b+ c)

Tuong ty :

Cong ba BDT trén lai véi nhau ta c6 dpem.
Ding thic xay rakhi a = b = ¢.

Vidu 2: Cho a,b la céc s6 thuc. Ching minh rang:
a) 3(a+b+1)7° +1>3ab.

b) 64a’b*(a®> +0°) < a+b ’

Loi gidi
+b) 3
a) Ap dung bat ding thic ab < GT] nén ta chiang minh3(a + b + 1 +1 > Z(a +b)? (%)
Thatvay : (*) < 12(a + b)* +24(a +b) + 16 > 3(a + b)?
& 9a+0b) +24(a +b)+16 > 0 < (3a + 3b + 4)° > 0(dung) DPCM
2 , , ey L 2

bang thuc xay ra khi va chi khia = b = 3
b) D& thay bt ding thirc dung khi ab < 0.

+o)
Xét ab > 0. Ap dung BPT ab < GT] taco

) a+b)[2ab + (a* + 1] 6

64a°b’(a® + b°)* = 16ab[2ab(a2 + 62)] <16 5 ] 5 ] = a+b
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Suyra 64a°b*(a> +0°) < a +b
Ding thic xay ra khi va chi khia = b.
Vi du 3: Cho a 1356 duwong va b 1asé thuc théa man a? + b = 5.

2a3+a+1_

a?

Tim gié tri nho nhét cua P = 2.

(HOC TRO TU GIAl)
BAT PHUONG TRINH VA HE BAT PHUONG TRINH 2 AN
A. TOM TAT LY THUYET.
1. Pinh nghia bit phwong trinh mét an
Chohaihamsé y = f = vay =g z c0tap xac dinh lan luot Ia D,vaD .batD=D nD,.

Ménh dé chta bién co mottrongcacdang f = <g 2z , f o >gz, fo <gz ,fz >g=

duoc goi 12 bdt phwong trinh mét an ; = duoc goi la dn sé (hay @n) va D goi la tap xac dinh cua bat
phuong trinh.

z, € D goi la mot nghiégm cua bat phwong trinh f © < ¢ = néu f r, <g z, laménh dé dtng.

Gidi mét bét phwong trinh 13 tim tat ca cac nghiém(hay tim tap nghiém) cua bat phuong trinh do.

Chu y : Trong thuc hanh, ta khong can viét rd tap xac dinh D cua bat phuong trinh ma chi can néu diéu
kién dé x e D . Piéu kién d6 goi 1a diéu kién xac dinh cua bt phuong trinh, goi tat la diéu kién cia bat
phwong trinh.

2. Bat phwong trinh twong dwong, bién ddi twong dwong cac bit phwong trinh.
a) Pinh nghia: Hai bat phuong trinh (cing 4n) duoc goi 13 fwong dwong néu chiing cé cing tap nghiém.
Ki hiéu: Néu i ¢ <g, = tuongduongvéi f, v < g, z thita viét

[z <g z &fr <g, z

e Phép bién doi khong lam thay ddi tap nghiém ciia phuong trinh goi 1a phép bién déi twong
duong.
b) Pinh Iy va h¢ qua:

Pinh ly 1: Cho bat phuong trinh f © < g x cOtapxacdinh D; y = h 2 laham sb xdc dinh trén
D . Khi d6 trén D, Bat phuong trinh d4 cho tuong duong véi bat phuong trinh sau

Ofz +hz <gzxz +hx
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Nfaxha <gz.haxznéuhaz >0vsimeizeD
3)fzha >ga.hx nuhz <0vsimoizeD
Hé qua: Cho bat phuong trinh f = < g z ¢0 tap xac dinh D . Khi d6
D) f(x)<g(x)e £2(x)<g®(x)
2) f(x)<g(x)< f2(x)<g?(x) véi f(x)=0, g(x)=0, vxeD
Luwu y: Khi giai phuong trinh ta can chd y
o Dét’diéu kién xac dinh(dkxd) cua phuong trinh va khi tim duoc nghiém cua phuong trinh phai dbi
chiéu vai diéu kién xac dinh.
e Dii Véi viéc giai bat phuong trinh ta thuong thuc hién phép bién d6i twong duong nén can luyu y
~ téidieu kién dé thyc hién phép bién doi tuong duong do.
B. CAC DANG TOAN VA PHUONG PHAP GIAI.

> DANG TOAN 1: TIM PIEU KIEN XAC PINH CUA BAT PHUONG TRINH.
1. Phwong phap giai.

- Piéu kién xac dinh cta bat phuong trinh bao gdm cac diéu kién dé gidtricia f = , ¢ = cung dugc
xé4c dinh va cac diéu kién khac (néu cd yéu cau trong dé bai)
- Diéu kién dé bieu thirc

e Jf z xacdinhla f z >0

xacdinhla f z =0

~
—_

x
1

e

2. Céc vi du dién hinh.

xacdinhla f =z >0

Vi du 1: Tim diéu kién x4c dinh cia phuong trinh sau:

D <1 b) 4_2x2x—+1
47 — 9 7 —2r—1

a) x +
Lot gidi

<A = A r : ” A 3 B 2 2 9 3
a) bieu kién xac dinh cua bat phuong trinh 1a 42° — 9 = 0 & 2° = 1 = iE

b) Diéu kién xéac dinh cia bat phuong trinh 1a
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4-92>0 z <2 2 <2
= =
2220120 |z=1+v2  |z=1-+2

Vi du 2: Tim diéu kién xac dinh cia bat phuong trinh sau rdi suy ra tap nghiém caa no:

a2z +Vr—3>23—1+3 b) v—a? + 4z — 4 <27 — 32°

0) vz + —— L d)\/x—123—4x —br >4z -3 -7

<
T —2 \/.%'—2
(HOC TRO TU GIAI)

> DANG TOAN 2: XAC PINH CAC BAT PHUONG TRINH TUONG DPUONG VA GIAI
BAT PHUONG TRINH BANG PHEP BIEN POI TUONG.
1. Phwong phap giai.

Dé giai bat phuong trinh ta thyuc hién céc phép bién d6i dé dua vé bat phuong trinh twong dwong voi
phuong trinh d4 cho don gian hon trong viéc giai nd. Mot s6 phép bién ddi thuong st dung

e Cong (trir) ca hai vé cua bat phuong trinh ma khong 1am thay d6i diéu kién xac dinh cua bat
phuong trinh ta thu duoc bt phuong trinh trong duwong bat phuong trinh da cho.

e Nhan (chia) vao hai vé cua bt phuong trinh v&i mot biéu thic luén dwong(hoac lubn am) va
khong 1am thay d6i diéu kién xac dinh ctia phuong trinh ta thu duoc bat phuong trinh cling chiéu
(hoidc nguot chiéu) twong duong véi bat phuong trinh da cho.

e Binh phuong hai vé cua bat phuong trinh (hai vé luon duong) ta thu duoc bat phuong trinh tuong
duong véi bat phuong trinh di cho.

e Lap phuong hai vé cua bat phuong trinh ta thu dugc bat phuong trinh twong duwong véi bat
phuong trinh da cho.

2. Céc vi du minh hoa.

Vi du 1: Trong cac bat phuong trinh sau day, bat phuong trinh nao twong dwong véi bat phuong trinh
3x+1>0 (*):

a) 3x+1—i>—L b) 3x+1+ X X

>
x—-3  x-3 J3x+1 f3x+1

Loi gidi
, 1
Tacd 3x+1>0<= x>—§

a) 3X+1—L3 > _LB (1) khong twong duong 3x+1>0 vi x =3 la nghiém cua bat phuong trinh (*)
X— X—

nhung khong 1a nghiém cua bt phwong trinh (1).

X
>
J3x+1  +f3x+1

b) 3x+1+ <:>3x+1>0<:>x>—%
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Do d6 3x+1+ tuong duong 3x+1>0.

X
>
3x+1 3x+1

Vi du 2: Khong giai bat phuong trinh, hiy giai thich vi sao cac bt phuong trinh sau v6 nghiém.

\/_ X+1

) [x2 +2x|+3<0 by XX X2

x+1 x
Loi gidi
a) Taco [x* +2x|>0=|x* +2x|+3>0 do do bét phuwong trinh v6 nghi¢m.

b) PKXD: x>0.

\/; X+1 9 \/§ x+1_

+ > . =2
x+1  x x+1" Jx

Suy ra bat phuong trinh v6 nghiém.

Ap dung BDT cosi ta co

Vi du 3: Khdng giai bat phwong trinh, hdy giai thich vi sao cac bt phwong trinh sau nghiém dung voi
moi X.

1 1
a) ||x—1+x*>2x-1 b) — —(x+1)zs 1

X +1 X
(HOC TRO TU GIAI)
Vi du 4: Ban Nam giai bat phuong trinh |X+1| > X —1 nhu sau
Bét phuong trinh twong duong véi (X +1)2 >(x —1)2
S X H2X+12 X —2X+1=4x>0= x>0
Vay bat phuong trinh c¢6 tap nghiém la S =[0;+0).
Theo em ban Nam giai nhu vay dang hay sai? Néu sai hdy sira lai cho dung.

(HOC TRO TU GlAl)

> DANG TOAN 3: XAC PINH MIEN NGHIEM CUA BAT PHUONG TRINH VA HE BAT
PHUONG TRINH BAC NHAT HAI AN.

Vi du 1: Xac dinh mién nghiém caa cac bat phuong trinh sau:
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X—2y S 2X+y+1

a) 2x—-y> 0 b) 5 3 vA

Loi gidi 1/

a) Trong mét phang toa do, vé duong thang (d): 2x—y=0.Tacé (d) chia o >
mit phing thanh hai ntra mat phang. Chon mét diém bét ki khdng thudc duong

thang d6, chdng han diémM (L0) . Ta thay (1; 0) la nghiém ctia bat phuong ()

trinh da cho. Vay mién nghiém can tim la nira mét phang chia b (d) va chira diém M (1;,0) (Mién khong

duoc td mau trén hinh ve).

b) Ta co x—22y L 2xoy+d

3 < 3(x-2y)-2(2x-y+1)>0
& —X—-4y-2>0 x+4y+2<0
Trong mat phang toa do , vé& duong thang A:x+4y+2=0

Xét diém O(0;0), thay (0;0) khong phai la nghiém ctia bat phuong trinh da
cho do d6 mién nghiém can tim 1a nira mat phang by A (khdng ké duong thang
A) va khong chira diém O(0;0) (Mién khong dugc td mau trén hinh ve).

Vi du 2: Xac dinh mién nghiém caa cac hé bat phuong trinh sau:

X+y>0
X+y-2>0
a) b) {2x-3y+6>0
X—3y+3<0
X—-2y+1>0
Loi gidi

a) V& céac dudng thang (d):x+y—-2=0,(d'):x—3y+3=0 trén
mat phang toa d6 Oxy

Xét diém O(0;0), thay (0;0) khdng phai la nghiém cua bat
phuong trinh X+y—2>0 va x—3y+3<0 do d6 mién nghiém
can tim 1a phan mat phang khong duoc td mau trén hinh vé ké ca
hai duong thang (d) va (d).

b) V& cac duong thang (d):x+y=0,(d"):2x-3y+6=0 va
(d"):x—2y+1=0 trén mat phang toa do Oxy

Page 20
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Xét diém O(0;0), thay (0;0) la nghiém cua bat phuong trinh 2x—3y+6>0 va x—2y+1>0. Do d6
0(0;0) thuoc mién nghiém ciia bat phuong trinh 2x—3y+6>0 va x—2y+1>0.

Xétdiém M (10) ta thay (10) Ia nghiém cua bat phuong trinh x+y >0 do d6 diém M (10) thudc

mién nghiém bat phuong trinh x+y>0.

Vay mién nghiém can tim 1a phan mét phang khong duoc td mau trén hinh vé ké ca duong thang (d ")
Vi du 3: Xéc dinh mién nghi¢m bat phuong trinh (x—y)(x*+y*)=0.

Loi gidi

Tacd (x—y)(x3+y3)20<:>(x—y)(x+ y)(xz—xy+ y2)20

@

X-y=>0 X—y<
- >0
< (x=y)(x+y) <:>{ {x+y£0

1) hoac
x+y20() ¢

Nhu vay mién nghiém cua bat phuong trinh di cho 13 gdm hai mién
nghiém cua hé bat phuong trinh (1) va (2).

V& cac duong thang (d):x+y=0,(d"):x—y=0 trén mit phang

toa do Oxy. Xétdiém M (L0), taco (10) Ia nghiém cua cic bat
phuong trinh cia hé (1) do @6 M (1;0) thugc mién nghiém cuia hé
bét phuong trinh (1). Xét diem N (-10), taco (-10) langhiém cua cac bt phuong trinh cua hé (2) do
d6 N(-10) thudc mién nghiém cua hé bat phuong trinh (2).

Vay mién nghiém can tim 1a phan mat phang khong dugc t6 mau trén hinh vé ké ca hai duong thang
(d). (d").

3. Bai tap luyén tap.

Bai 4.61: Xac dinh mién nghiém ciia cac bat phuong trinh sau:

a) x-3y> 0 b) X_2y<x+y+1

Bai 4.62: Xac dinh mién nghiém cua cac hé bat phuong trinh sau:
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X+y+2>0
X+y-2<0
a b) {2x-3y-6<0
X-y+3>0
X—-2y+3<0

> DANG TOAN 4: UNG DUNG VAO BAI TOAN KINH TE.

Van d& tim mién nghiém cua hé bat phuong trinh bac nhat ¢6 lién quan chit ché dén quy hoach tuyén
tinh. B6 1a mot nganh toan hoc ¢é nhiéu ung dung trong doi séng va kinh té.

Luru y: Ta thira nhan két qua sau "Gia tri nho nhat hay 16n nhat cia biéu thic P(x;y)=ax+by(b#0)

trén mién da giac 16i (ké ca bién) dat duoc tai mot dinh nao d6 cua da giac".

Vi du 1: Mét cong ty kinh doanh thwong mai chuan bi cho mot dot khuyén mai nham thu hat khéch hang
bang cach tién hanh quang céo san pham cua cong ty trén hé thdng phét thanh va truyén hinh. Chi phi cho
1 phut quang céo trén song phat thanh 1a 800.000 dong, trén song truyén hinh 1a 4.000.000 dong. Dai phat
thanh chi nhan phat cac chuong trinh quang céo dai it nhat 12 5 phat. Do nhu ciu quang céo trén truyén
hinh 16n nén dai truyén hinh chi nhan phat cic chuong trinh dai t6i da 1a 4 phut. Theo cac phan tich, cing
thoi lugng mot phat quang céo, trén truyén hinh s& c6 hiéu qua gap 6 lan trén séng phat thanh. Cong ty du
dinh chi téi da 16.000.000 ddng cho quang cdo. Cong ty can dit thoi luong quang cao trén séng phat
thanh va truyén hinh nhu thé nao dé hiéu qua nhat?

Loi gidi

Phan tich bai toan: Goi thoi lugng cong ty dat quang cao trén séng phat thanh 13 x (pht), trén truyén
hinh 12 y (phat). Chi phi cho viéc nay 1a: 800.000x +4.000000y (ddng)

Mtic chi nay khong dugc phép vuot qlia muc chi tdi da, tic:
800.000x +4.000.000y <16.000.000 hay x + 5y—20<0
Do cac diéu kién dai phat thanh, truyén hinh dua ra, ta c6:x>5, y<4 .

Péng thoi do x,y 1a thoi luong nénx>0, y>0. Hiéu

qua chung cua quang céo la: x + 6y .

Bai toan tr¢ thanh: Xac dinh x,y sao cho:

M (x;y)=x+6y dat gia tri Ion nhat.
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X+5y-20<0
Véi cac diéu kién {x>5 *)
0<y<4

Trudc tién ta xac dinh mién nghiém cua hé bat phuong trinh (*)

Trong mét phang toa do V& cac duong thang (d):x+5y—20=0, (d"):x=5, (d"):y=4

Khi d6 mién nghiém cua hé bat phuong trinh (*) 1a phan mat phang(tam giac) khong td mau trén hinh vé
Giatri I6n nhat cia M (x;y)=x+6y dat tai mét trong cac diém (5;3), (5;0), (20;0)

Taco M (5;3)=23 M (50)=>5, M (20;0)=20 suy ra gia tri I6n nhat caa M (x;y) bang 23 tai (5;3)

te 1a néu dit thoi lwong quang cdo trén séng phat thanh 1a 5 phat va trén truyén hinh 1a 3 pht thi s& dat

hiéu qua nhat.

Vi du 2: M6t xudng san xuit hai loai san pham, mdi kg san pham loai | can 2kg nguyén liéu va 30 gio,
dem lai mac 161 40000 dong. Mdi kg san pham loai 11 can 4kg nguyén lidu va 15gio, dem lai mac loi
30000 dong. Xuong co 200kg nguyén lidu va 120 gio lam viéc. Nén san xuat mdi loai san pham bao
nhiéu dé c6 muc loi cao nhat?

Loi gidi

Phan tich bai toan: Goi x (x>0) la s kg loai | can san xuat, y (y>0) l1asé kg loai 11 can san xuét.

Suy ra sé nguy@n liéu can ding 1a 2x+4y , thoi gian 1a 30x+15y ¢6 muc 1oi 13 40000x +30000y

Theo gia thiét bai toan xuang c6 200kg nguyén liéu va 120 gid 1am viéc suy ra 2x+4y <200 hay

X+2y-100<0,30z + 15y < 1200 hay 2x+y—-80<0.

Bai toan trg thanh: Tim x,y thoa man hé

z+2y—100<0
2 +y—-80 <0
x>0
y >0

(*) saocho

L(x;y) = 40000x+30000y dat gia trj lon nhét.
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Trong mit phang toa do V& cdc duong thang (d):x+2y—100=0, (d'):2x+y-80=0
Khi d6 mién nghiém cua hé bt phuong trinh (*) 1a phan mat phang(tir giac) khéng td mau trén hinh vé

Gid tri 16n nhat cua L(x;y)=40000x +30000y dat tai mot trong céc diém

(0;0), (40;0), (0;50), (20;40). Tacé L(0;0)=0, L(40;0)=1600000,

L(0;50) =1500000, L (20;40)=2000000 suy ra gia tri Ién nhat cia L(x;y) la 2000000 khi
(x;y)=(20;40).

Vay can san xuat 20 kg san pham loai | va 40 kg san pham loai II dé c6 muc 101 16n nhét.

2. Bai tap luyén tap.

Bai 4.63: Mot cong ty can thué xe van chuyén 140 ngudi va 9 tan hang hoa. Noi cho thué xe chi ¢6 10 xe
hiéu MITSUBISHI va 9 xe hiéu FORD. Mat chiéc xe hiéu MITSUBISHI c6 thé chd 20 ngudi va 0,6 tan
hang. Mot chiéc xe hiéu FORD c6 thé chd 10 nguoi va 1,5 tan hang. Tién thué mot xe hieu MITSUBISHI
1a 4 triéu dong, mot xe hiéu FORD la 3 triéu dong. Hoi phai thué bao nhiéu xe mdi loai dé chi phi thap

nhat?

Bai 4.64: Nhan dip tét Trung Thu, Xi nghiép san xut banh Tring mudn san Xuét hai loai banh: Pau xanh, Banh
déo nhan dau xanh. Dé san xuat hai loai banh nay, Xi nghiép can: Puong, Pau, Bot, Tring, M, ... Gia st s6
dudng c6 thé chuan bi duoc 1a 300kg, dau la 200kg, cac nguyén liéu khac bao nhiéu ciing c. San xuat mot cai
banh dau xanh can 0,06kg duong, 0,08kg dau va cho 14i 2 ngan dong. San xuit mot cai banh déo can 0,07kg
duong, 0,04kg dau va cho 3 1,8 ngan dong.

Can lap ké hoach dé san xuat mdi loai banh bao nhiéu cai dé khdng bi dong vé dudng, dau va tong

s6 1ai thu duoc 12 16n nhét (néu san xuat bao nhiéu ciing ban hét)?

Bai 4.65: Cong ty Bao bi Duoc can san xuét 3 loai hop gidy: dung thudc B1, dung cao Sao vang va dung
"Quy sam dai b6 hoan". Pé san xuat céc loai hop nay, cong ty ding cac tim bia co kich thudc gidng nhau.
MJi tAm bia c6 hai cach cét khac nhau: Cach thir nhat cit dugc 3 hop B, mot hop cao Sao vang va 6 hop
Quy sam. Céch thir hai cit dwoc 2 hop Bi, 3 hop cao Sao vang va 1 hop Quy sam. Theo ké hoach, s hop
Quy sam phai c6 12 900 hop, sé hop Bi téi thiéu 1a 900 hop, sé hop cao sao vang tdi thiéu 1a 1000 hop.

Can phuong 4n sao cho tong s6 tim bia phai dung 1a it nhat?
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HE THU'C LUQNG TRONG TAM GIAC
I1.NQI DUNG:
A. TOM TAT LY THUYET.

1. Binh li césin: Trong tam giac ABC véi BC = a, AC =b va AB =c.Taco:

a’> =b* +c® —2bc.cos A

b> = ¢ +a®> —2ca.cos B A
¢ =a*+b*> —2ab.cosC
c b
H¢é qua:
b’ + 2 — a? B~ a °C
cosA = ——
2bc Hinh 2.6
2 2 72
cosp = & Ta —b
2 202a 2
cosC = Lt -
2ab

2. Pinh li sin : Trong tam giac ABC véi BC = a, AC = b, AB = ¢ va R la ban kinh duong tron

ngoai tiép. Ta co :
a b c

sinA sinB sinC

3. P§ dai trung tuyén: Cho tam giac ABC Vvé&i m,, m,, m_ lan luot Ia cac trung tuyén ké tir A, B, C.

Taco:

, _ 20"+ %) —a

a 4
m? = 2(a® + ¢*) — b
4
2 2y 2
m3:2(a +i) c

4. Dién tich tam giac
Vi tam giac ABC takihiéu h, h, h 1a d6 dai duong cao lan luot trong (ng véi céc canh BC, CA,

AB: R, r

a+b+c

lan luot 1a ban kinh duong tron ngoai tiép, noi tiép tam giac; p = 1a nira chu vi tam giac; S la

dién tich tam giac. Khi d6 ta co:
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ah = lbhb = lchc

S= 3
2 2

N | —

1bcsinA = 1casinB = 1absinC
2 2 2

abe
4R

pr

= Jp(p—a)(p—b)(p —¢) (cOng thirc HE—roNg)

B. CAC DANG TOAN VA PHUONG PHAP GIAI.

= DANG 1: Xac dinh céc yéu to trong tam giac.
1. Phwong phap.

e Sir dung dinh li cosin va dinh Ii sin
e Sur dung cdng thuc xac dinh d6 dai duong trung tuyén va moi lién hé cua cac yéu to trong cac

cbng thac tinh dién tich trong tam giac.
2. Cac vi du.

Vidu 1: Cho tam gidc ABCc6 AB =4, AC =5 vacosA = %

Tinh canh BC, va d6 dai duong cao ké tir A.
Loi gidi

Ap dung dinh Ii cosin taco BC? — AB* + AC? —2ABAC.cos A — 42 + 5! — 2.4.5; — 29

Suyra BC = J29

Vi sin®* A+ cos> A =1nén sinA = v1—cos® A 1—£=§
Theo cong thuc tinh dién tichtaco S, = ABAC sinA = % % =8(1)
Matkhc 5., = a _ 1 J_ h, (2)

Pé curong 6n thi mén todn I6p 10 thang 2 nam 2020 lan 2 Page 26



Truong THPT Dan Phuong Thay gido Poan Céng Hodng

Tu (1) va (2) suy ra %\/2_9h —8=h = 16;{)?9
16329

Vay do dai duongcao ké tr Ala h, = 59

Vi du 2: Cho tam gidc ABC' ndi tiép duong tron béan kinh bang 3, biét A = 30°, B = 45°. Tinh do dai

trung tuyén ké tir A va ban kinh dudng tron noi tiép tam giac.
Loi gidi

Taco C =180° — A— B = 180" — 30" — 45" = 105’

Theo dinh lisintacé a = 2Rsin A = 2.3.sin30" = 3, b = 2Rsin B = 2.3.5in45" = 6.? — 32

¢ =2RsinC = 2.3.sin105° =~ 5,796

2 0P+ —a®> 218457962 —9

Theo cong thirc dudng trung tuyén ta co m’ = 1 1 = 23,547
Theo cong thuc tinh dién tich tam giéc ta c6
S = pre L 4 g besind 3+/2.5, 796 sin 30° 0,043
2 2p 3+ 3v2 + 5,796
513

Vi du 3: Cho tam gidc ABC' ¢6 M 1a trung diém cua BC. Biét AB = 3, BC = 8, cos AMB = 5

Tinh d6 dai canh AC' va g6c 16n nhét cia tam giac ABC'.
Lot gidi (hinh 2.7)

BC=8= BM =4.bat AM ==z

A
Theo dinh li csin ta co
AM? + BM? — AB
AMB =

cos 9AMAB c
B M

Suy ra 5v13 _ 2?4169 Hinh 2.7

2 241
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=13

1322 — 207132 +91 = 0 <
= 13
13

Theo c6ng thirc tinh dudng trung tuyén ta cd

2 AB*+AC* —BC?
o 2AB.AC

AM?

23 4AC -8

1 = AC="7.

TH1: Néu z = /13 = 13

Taco BC > AC > AB = g6c A 16n nhat. Theo dinh |i cdsin ta c6

AB*+AC?* —BC* 9+49—64 1
CSA=—— 16 237 7

Suyra A~ 98"12'

Ny VI3 49 2 B4 AC? -8 [397

Taco BC > AC > AB = g6c A 16n nhat. Theo dinh |i cdsin ta c6

397

osa_ AB+AC —Bct Oty 0 sy
2ABAC 397 J5161
2-3- H

Suyra A~137°32'
Vi du 4: Cho hinh chit nhat ABCD biét AD = 1 . Gia sir E 1a trung diém AB va thoa mén

sin BDE = 1
3

Tinh d6 dai canh AB.

Léi gidgi (hinh 2.8)

A E B
bat AB=2x >0 = AE =FEB=1=.
Vi goc BDE nhon nén cos BDE > 0 suy ra
D C
22 Hinh 2.8

cos BDE = N1 —sin? BDE = ?2

Theo dinh i Pitago ta co:
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DE? = AD* + AE? =1+ 2* = DE =1+ a°
BD? = DC? + BC? = 42° +1 = BD = 42> +1
Ap dung dinh Ii cbsin trong tam gi4ac BDE ta c6

DE* + DB’ — EB* o2 Az? 42

cos BDE = —
2DE.DB 3 2f 144" da?+1

<:>4:1:4—4x2—|—1:0<:>2x2:1<:>x:§(D0x>0)

Vay dé dai canh AB 1a V2
3. Bai tap luyén tap.

Bai 2.56: Cho tam giac ABC c6 doan thang ndi trung diém AB va BC bang 3, canh AB = 9 va
ACB = 60°. Tinh canh BC.

Bai 2.57: Cho tam giac ABC vudng tai B c6 AB = 1. Trén tia d6i cua AC lay diém D sao cho
CD = AB.Giasut CBD = 30". Tinh AC.

Bai 2.58.Cho a = 2> + z + 1;b = 2z + ;¢ = 2° — 1. Gia st a,b,c la ba canh cua mot tam giac.
Chuang minh riang tam giac d6 c6 mét goc bang 120°

Bai 2.59: Cho tam gid&c ABC ¢c6 AB=3, AC =7, BC =38.

a) Tinh di¢n tich tam gidc ABC

b) Tinh ban kinh duong tron noi tiép, ngoai tiép tam giac

¢) Tinh duong duong cao keé tur dinh A.

a

Bai 2.60: Cho tam giac ABC théamédn — = _ %

b
NER s

oy

a) Tinh cac goc cua tam giac.
b) Cho a= 2+/3 . Tinh béan kinh duong tron ngoai tiép tam giac ABC'.

Bai 2.61: Cho tam giac ABC ¢6 A=60", a =10, 7 = %

a) Tinh R
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b) Tinh b, ¢

Bai 2.62: Cho tam giac ABC ¢c6 AB=10, AC =4 va A=60".
a) Tinh chu vi cua tam giac

b) Tinh tanC

¢) Lay diém D trén tia d6i cua tia AB sao cho AD = 6 va diém E trén tia AC sao cho AE =z. Tim z
dé BE la tiép tuyén caa duong tron (C) ngoai tiép tam giac ADE

Bai 2.63. Cho tam giac ABC' can c6 canh bén bang b va ngi tiép duong tron (O;R).

a) Tinh césin cua cac goc tam giéc.

b) Tinh ban kinh duong tron noi tiép tam giac.

¢) Vi gid tri ndo caa b thi tam gi4c cé dién tich Ion nhét ?

= DANG 2: Giai tam giac.
1. Phuwong phap.
e Giai tam giac la tinh cac canh va céc goc cta tam giac dya trén mot sé diéu kién cho truge.
e Trong céc bai toan giai tam giac ngudi ta thudng cho tam giac véi ba yéu td nhu sau : biét mot canh va
hai
g6c ké canh do; biét mot goc va hai canh ké goc do; biét ba canh.

Pé tim cac yéu té con lai ta st dung dinh li cosin va dinh li sin ; dinh Ii tong ba géc trong mot tam giac
bang 180° va trong mot tam giac ddi dién voi gc 16n hon thi ¢6 canh 16n hon va nguoc lai d6i dién voi
canh 16n hon thi ¢6 goc 16n hon.

2. Céac vi du.

Vi du 1: Giai tam giac ABC biét b = 32; ¢ = 45 va A = 87°.
Loi gidi

Theo dinh i cbsin ta co

a’> =b* +c* —2bc.cosA = 32° +4* —2.32.4.sin87°

Suyra a ~ 53,8

Theo dinh li sin ta c6
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bsinA  32sin87°
a 53.8

sin B = = B ~ 36"

Suyra C =180 — A — B ~ 180" — 87" — 36" = 57°

Vi du 2: Giai tam giac ABC biét A = 60°, B = 40° va ¢ = 14.
Loi gidi

Tacéd C =180° — A— B = 180" — 60" — 40" = 80"

Theo dinh li sin ta co

csinA  14.sin60°
sin C' sin 80°

=a~ 12,3

. . 0
b — CS.IIlB _ 14..sm40 a0l
sin C' sin 80"

Vi du 3: Cho tam giac ABC biét a = 2v3, b = 2v2, ¢ = /6 — /2. Tinh géc 16n nhét caa tam giac.
Loi gidi
Theo giai thiéttacd ¢ < b < a suyra C < B < A do d6 goc A 1a 16n nhat.

Theo dinh li cdsin ta c6

b2+02_a2_8+ I—&2—122_4_4\/§__1
2bc 2.242. V6 — /2 83 -8 2

cos A =

Suyra A = 120"

Vay goc 1én nhat 1a goc A c6 sb do 1a 120°.

3. Bai tap luyén tap.

Bai 2.64: Giai tam giac ABC' biét

Q) a=2b=3c=4. b) a =12; ¢ =82 va A =110°.
Bai 2.65: Giai tam giac ABC', biét:

a) a =1009; B =33%24"; C =66°59'
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b) a = 20; b=13; A=67°23"

Bai 2.66: Giai tam giac ABC', biét:

a) b = 4,5; A = 30% C =175
b) b = 14; c = 10; A = 145°
0) a = 14; b =18 ¢ = 20

Bai 2.67: ChoAABC tacd a =13, b = 4 va cosC = —%. Tinh ban kinh dudng tron ngoai tiép va

noi tiép tam giac.

= DANG 3: Chirng minh dang thirc, bat ding thire lién quan dén céc yéu té caa tam giac, ti
giac.
1. Phwong phap giai.

e D¢ ching minh dang thic ta sir dung cac hé thirc co ban dé bién do6i vé nay thanh vé kia, hai vé
cling bang mat vé hoac bién doi tuong duong vé mot dang thire dung.
e Dé ching minh bt dang thuc ta sir dung céc hé thire co ban, bat dang thac canh trong tam giac va
bat ding thirc ¢6 dién (Cauchy, bunhiacopxki,...)
2. Céac vi du.

Vi du 1: Cho tam gidc ABC' théa man sin®> A = sin B.sin C'. Chitng minh rang

a) a*> = be
1
b) cosA > =
2
Loi gidi
" T L. a . b . c
a) Ap dung dinh lisintacd sinA = —, sinB = —,sinC = —
2R 2R 2R
2
- . ) a b ¢ )
Suyra sin® A = sinB.sinC < | —| = —.— & a” = be dpem
2R 2R 2R

b) Ap dung dinh Ii cdsin va cu a) ta co

b2—|—cz—a2_b2—|—02—bc>2bc—bc 1

cos A = = — dpcm
2bc 2bc 2bc 2

Vi du 2: Cho tam giac ABC', ching minh rang:
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b) sinA+sinB+sinC = 4cos§cos§cos%

Loi giai (hinh 2.9)

a) Trén tia d6i cua tia AC lay D théa AD = AB = ¢ suy ratam giac BDA céan tai Ava BDA = %A.

Ap dung dinh ly ham sb Cdsin cho AABD , ta c6:

BD* = AB> + AD* —2AB.AD.cos BAD

=2¢" —2¢”.cos(180" — A) B
2 2 2
=2c*(1 + cos A) = 2¢*(1 + u) Suyra I
2bc
4
:%(a+b+c)(b+c—a):fp(p—a) D A C
Goi I 1a trung diém cua BD suy ra AI L BD. Hinh 2.9

Trong tam giac ADI vuong tai |, ta cé

CosgzcosADlz DI = BD = p(p—a)l

AD 2c bc
Vaycosé — M .
2 bc
b) Tir dinh Iy ham sé sin, ta c6: sin A + sin B + sin ¢ = % + 2 + < — 2 ()
2R 2R 2R R
Theo céu a) ta co cosé = M,tuongu_rthi cosE = pp =) va cosg = pp—¢ ,
2 bc 2 ca 2 ab
. . abc
ket hop voi cong thuc S = —a —b —c =—
op g Jp v p p R

Suyra 4cos§cos§cos% = 4\/p(p — a)\/p(p — b)\/p(p —9)

be ca ab
4 4pS
= Lo —a)p-0)p—0) = == = 2 (2
abce abce R

BD =2
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T () va(2)suyra sin A + sin B +sinC = 4COS§COS§COSQ

Nhgn xét: Tur cau a) va hé thire lugng giac co ban ta suy ra dugc cac cong thuc

an Ao |e=bp=9 A _|p=bp-c A | pp-a)
2 Y

’

be 2 p(p —a) 2 Nop-dp-o
Vi du 3: Cho tam giac ABC', ching minh rang:

b’ + ¢ — a?

a) cot A =
45

b) cot A+ cot B +cotC > /3
Loi gidi:
a) Ap dung dinh li cdsin va cong thicc S = %bc sin A ta co:

COSA_b2—|—CQ—CL2 _b2 +c? —a?
"~ sinA 2besinA 45

dpcm

] 2 2 _ p2 2 4P 2
b) Theo cau a) twong tw ta cé cot B = %, cotC = (14—4—80

b2+02—a2+02+a2—b2+a2+b2—02
49 48 48

Suy ra cot A+ cot B + cotC' =

a’> +b* +
48

Theo bét ding thic Cauchytacd p—a p—b p—c <

3p—a—0b—c 3_ 23
3 3

e o p P
MatkhaCS—\/p p—a p—>b p—c = 8S5<, | p—==

27 33

2
a+b+c 3a+b +¢ 240 42
< suyraS§a+b te

A = 4 43

Taco p* =
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2 2 2
Do d6 cot A + cot B + cotC > “tbte :\/gdpcm.
4a2+b2+02

43

Vi du 4: Cho tam giac ABC . Chiing minh rang diéu kién can va du dé hai trung tuyén ké tir B va C

vuong goc vai nhau la % + ¢ = 5a®.

Loi gidi:

Goi G la trong tdm cua tam gidc ABC'.

Khi d6 hai trung tuyén ké tir B va C vudng goc vai nhau khi va chi khi tam giac GBC' vudng tai G

2 2
& GB* + GC? = BC? & 2m + 2m =a’ (*)
3" 3 ¢

Mt khac theo cdng thirc duong trung tuyén ta c6

@g + =a’ & da’ +V + =9a" & b+ =50"  (dpem)

Vi du 5: Cho tir gidc ABCD c6 E, F 1a trung diém cac dudng chéo. Ching minh :
AB* + BC? + CD* + DA* = AC? + BD* + 4EF”

Léi gidi (hinh 2.10)

Ap dung cbng thirc dudng trung tuyén véi tam giadc ABC va ADC ta co:

2
AB? + BC? = 2BE* + A20 Q)
2
CD? + DA? = 2DE? + AZC 2
Tur (1) va (2) suy ra Hinh 2.10

AB? + BC? +CD? + DA> =2 BE* + DE* + AC*?

BD?

Mit khac EF 1a duong trung tuyén tam giac BDF nén BE® + DE® = 2EF* +
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Suyra AB> + BC” + CD* + DA* = AC” + BD? + 4FEF*

= DANG 4: Nhan dang tam giac
1. Phwong phap giai.

Str dung dinh i cdsin; sin; cong thire dudng trung tuyén; cong thic tinh dién tich tam giac dé bién d6i gia
thiét vé hé thire lién hé canh(hoic goc) tir d6 suy ra dang cua tam giac.

2. Cac vi du.

Vi du 1: Cho tam gidc ABC thoa man sin C' = 2sin B cos A. Chting minh minh rang tam giac ABC
can .

Loi gidi
Ap dung dinh Ii cdsin va sin ta co:

b b? + c* —a®

sinCzQsinBcosA@L:Z .
2R 2R 2bc

c=V+c—-d Sa=b

Suy ra tam gidc ABC can tai dinh C.

Vi du 2: Cho tam gidc ABC thoamén sin A = sinB +sinC . Chitng minh rang tam giac ABC
cos B + cosC
vuong.
Loi gidi
Taco: sinA = sinB+sinC & sin A(cos B + cosC) = sin B + sin C
cos B 4 cosC
i(c2 +a® — b +a2 +b° —02) b+
2R 2ca 2ab 2R

S b +a” —b) +cla® +b° —c*) = 2% + 2¢%

S+ +be+b—ab—atc=0Sb+c)0*+F)—a*(b+c)=00" 4+ =a® & AABC
vuong tai A.

Vi du 3: Nhan dang tam gidc ABC' trong cac truong hop sau:

a) a.sinA+bsinB+csinC =h, +h, +h,

A B 1
b) cos Arcos 5 —(cot* A + cot® B)
sin A +sin* B 2
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Loi gidi
A A , = A e s 1 - ]_
a) Ap dung cong thic dign tichtacd S = §bcsm A= §ahd suy ra

a.sinA+bsinB+csinC =h, +h, +h, ¢>a.§+b.§+c.§:§+§+§
be ca ab a b c

2

sa 4+t =ab+bectcas a—b’+ b—c’+ c—a’ =0
Sa=b=c
Vay tam giac ABC déu

, 2 A *B 1
b) Taco: (;?22 1 i ;O; 5= 5((:0‘52 A + cot’ B)

24 ’B in? A in® B 1
L oSt A cos + sin +sin’ B _ ~(cot? A+ 1+ cot’? B+ 1)
sin? A + sin’ B 2

2 1 1 1
& — _ = —(= + ——) & (sin® A + sin® B)* = 4sin® Asin* B
sinA+sin’B 2 sin’A  sin’B

2 2
& sin A =sin’ B & [%] = [%] & a=b< AABC cantaiC.

Dang 5: CHUNG MINH BAT PANG THUC VA TIM CUC TRI BIEU
THUC HINH HOC.
1. Phuong phap giai.

Str dung céc bat dang thuc

e Cho a, b batki. Khi d6 ta co

+ ab < |al o] ddu bang xay ra khi va chi khi cos ;, bo—1 hay ;; b cung huéng.
+ ab > —|al|.|b| ddu bang xay ra khi va chi khi cos ;, bo——1 hay g; b nguoc hudng.
-2 , N - -
e u > 0 Dau bang xay ra khi va chi khi v = 0

e Bt dang thuc c6 dién (Cauchy, BunhiacopxKki...)
2. Cac vi du.
Vi du 1: Cho tam gidc ABC' ¢6 trong tam G va M la mot diém bat ky. Chang minh rang
MA* + MB* + MC?* > MAGA+ MB.GB + MC.GC > GA*> + GB? + GC*?
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Léi gidi
Tacod MAMG = MAMG.cos MA: MG < MAMG

Tuong tu MB.GB > ﬁ@, MCGC > MC.GC

Suy ra MAGA + MBGB + MC.GC > MAGA + MBGB + MC.GC

Mait khac

MAGA+MBGB+MCGC = MG+GA GA+ MG+GB GB+ MG+GC GC
= MG GA+GB+GC +GA>+GB’ +GC* = GA® +GB + GC”

Suy ra MAGA+ MBGB + MC.GC > GA® + GB® + GC” (¥)

Theo bt dang thirc Cauchy ta c6

MA* + MB* + MC* + GA* + GB* + GC* > 2MA.GA +2MB.GB +2MC.GC
Két hop (*) suy ra

MA* + MB* + MC* + GA* + GB* + GC* > MAGA+ MBGB + MC.GC + GA* + GB* + GC* hay
MA? + MB* + MC* > MAGA+ MBGB + MC.GC

Vay ta c6 diéu phai chitng minh.
Nhdn xét:
e Taco GA = Zma, GB = 2mb, GC = 2mC
3 3 3

2 2 2 4 2 2 2 1 2 2 2
= GA* + GB” + GC 25 m; +m, +m; :§ a +b +ec
Suy ra véi moi diém M thi
m,.MA + m,.MB + m_MC > % a®* +b* +¢c*
3 MA? + MB?> + MC?* >a*> +b* + ¢
3 MA* + MB> + MC* >2 m, MA+ m, MB + m_MC
Dac biét

e V6i M = O tam dudng tron ngoai tiép tam giac, ta cd
OA*> + OB*> + 0C* > OAGA + OB.GB +0C.GC > GA* + GB* + GC*?
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Mit khactacd OA=0OB =0C = R,taco

R GA+GB+GC <3R*haym, +m, +m, ggR suyra - + L+

m m
a b

>

=R

1
mC

m’ +m’ +m’ SBR

R GA+GB+GC > GA* + GB* + GC? hay —
m, +m, +m, 2

3R? > GA> + GB + GC? hay m? +m? + m’ §¥R2,9R2 >0+ 0 + ¢

e V6i M = I tam duong tron ndi tiép tam giéc, ta co
IAGA + IBGB + IC.GC > GA* + GB* + GC*

Mitkhdc JA = —— IB=—"— 10 = - dodétaco
A B . C
S1n — S11n — S11n —
2 2 2
m, M m >a2—|—b2+02
A c 2r

sin— sin— sin—
2 2

e V6i M = Htaduoc 3 HA*> + HB*> + HC* > a* +b* +c°.
Xeét tam gidc A BC' nhon khi d6 ta ¢

cA' CA'"  AC.cosC

= = = 2R cosC.
sinCHA' sinB sin B

HC =

Tuong tu ta cling c6: HB = 2RcosB, HC = 2RcosC

2
Do d6 cos? A+ cos? B + cos*C > [%]

Vi du 2: Cho tam gidc ABC' va diém M bat ky. Chizng minh rang

cosg.MA + cosg.MB + cos%.MO > %W

Léi gidi (2.13)

Goi I 1a tam duong tron noi tiép tam giac ABC

. . . cos';‘_, cosg’_* cosg% .
Tacd alA+0IB+cIC =0= 7 IA + Iz IB + 0 I1C =0
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A cos.é cosé_,ﬁ
Vi cos?MA =7 A2 MAITA > TF.MA.]A, tuong tu ta co
Al
B 0 C
B cosg_,_, CMC COS?J\TCI_C'
cos—.MB > MB.IB va COS—. > . :
2 — IB ‘% 2 - IC
' «Q
\cos;{_,_, cosl;_,_, cosg_)_, I|33 \ c
Ma — = MATA + —== MB.IB + — = MC.IC \ C'
Hinh 2.13
cosA cosB cosC
—| 055 — 2 2 A B C
= MI IA IB+—=1 —.IA —.IB —.1
7 + B + 0 C +0052 +cosz +0032 C
=cosg.IA—kcosg.IB-i—cos%.IC=AE+BF+CD=—a+;+c

Do d6 cosg.MA + cosg.MB + cos%.MC > %W

Téng quat
Cho da giac 16i A A,...A (n > 3) ngoai tiép dudng tron tdm J. Chang minh rang véi diém M bat ky thi
= A
Zcos—l. MA—-JA >0
o 2
Vi du 3: Cho tam gidc ABC' voi G la trong tam. Qua diém O bét ky ndam trong tam giac ké duong thang
song song véi GA, GB, GC tuong tng cat CA, AB, BC tai cac diém A', B', C'.
Xéc dinh vi tri diém M dé m, MA'+ m,MB'+ m MC'" dat gia tri nhé nhét
Loi gidi

S i A 3 A e A

Taco m, MA' = gGA.MA' > EGA.MA' = §GA. MO + OA'

3—» B — B — 3—» E— B —

Tuong tu m, MB' > EGB. MO +OB' , m MC'> EGC. MO +0ocC"

_— —_— _—

Suy ra m MA'+ m MB'+ m MC" zg GA+GB+ GO +g GAOA + GBOB' +GC.OC!

Hay m MA'+ m, MB'+ m MC' > m OA'+ m,0OB'+ m OC"
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DAu bang xay ra khi va chi khi M tring véi O.

Vay véi M tring véi O thi m MA'+ m, MB'+ m ,MC'" dat gia tri chd nhat.

Vi du 4: Cho tam giac ABC vava ba sb thuc z, y, z.

Chang minh rang 22 + 4% + 2 > 2y2€0S A + 222¢08 B + 22y c0sC

Loi gidi

Goi I;r 1aduong tron noitiép A ABC, tiép xtc véi cac canh BC, CA, AB lan luot tai M, N, P.

—_ — — 2
Khido xIM +y.IN +2IP >0

& 2 IM? + 2 IN? + 22IP? + 2ayIM.IN + 2yzIN.IP + 2201P.IM >0

& ' +y +2° r*+2r* zycos 180" —C +yzcos 180" — A +zzcos 180" —B >0
& 2P + 1P + 2% > 2y2C08 A+ 222€08 B + 2xycosC' dpem.

Nhdn xét:

+ Khichon z =y=2=1taco: cosA+ cosB +cosC <

RV

. , 1
+ Khichon y =2z =1 tac6 cosA+x cosB + cosC §1+§x2
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